We consider a family of exact boost invariant solutions of the transport equation for free streaming massless particles, where the one particle distribution function is defined in terms of a function of a single variable. The evolution of second and third moments of the one particle distribution function (the second moment being the energy momentum tensor (EMT) and the third moment the non equilibrium current (NEC)) depends only on two moments of that function. For every choice of those two moments we show how to build a non linear hydrodynamic theory which reproduces the exact evolution of the EMT and the NEC. Crude approximations to this theory describe correctly the early time evolution. The structure of these theories may give insight on nonlinear hydrodynamic phenomena on short time scales.
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I. INTRODUCTION
The mounting evidence that relativistic heavy ion collisions [1] [2] [3] [4] [5] [6] provide an experimental realization of relativistic real fluids [7] has spurred a strong interest on the characterization of those systems, and as a result we now have a fairly robust model of their dynamics in the limit of short relaxation times [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . However, this very success highlights our lack of understanding of how such a relativistic fluid comes into being in the first place [19] [20] [21] . To tackle that issue we need to consider phenomena on time scales which are no longer very large compared with the relaxation time, of which the non linear evolution of plasma instabilities [22] [23] [24] [25] [26] [27] [28] [29] [30] , shocks [31] [32] [33] [34] [35] [36] [37] [38] , Kolmogorov [39, 40] and wave turbulence [41, 42] are paramount. Maybe contrary to expectations, it has been found that the language of hydrodynamics is still useful in this regime [43, 44] .
If unrealistic, the assumption of free streaming, namely an infinite relaxation time, makes sense methodologically, because in this limit we have simple exact solutions to the kinetic theory (reduced to just the Liouville equation for the one particle distribution function (1PDF)) which provide a test bench for hydrodynamics. A particular set of solutions which has received much attention are boost invariant, axially symmetric 1PDFs described by a function of a single variable and parametrized by a few (Milne) time dependent parameters [45] . In this case it has been shown that energy momentum conservation and a second conservation law derived from the third moment of the Liouville equation determine the time evolution of those parameters, matching exactly the evolution prescribed by the full Liouville equation. This observation has led to the development of so-called anisotropic hydrodynamics [46] [47] [48] [49] [50] [51] .
If one now considers (color) perturbations of this boost invariant background, then the usual plasma instabilities are found. This formalism may be used to follow those instabilities and to estimate at what time the linearized theory breaks down [52] [53] [54] [55] . However, to the present author's understanding it cannot be pursued beyond that point because we do not have a full nonlinear theory whereby we could compute the back reaction of the unstable modes on the expanding background. The goal of this paper is to investigate which shape such a nonlinear hydrodynamics may have (see also [56] ).
To this end we shall consider theories patterned on Geroch -Lindblom "divergence type" hydrodynamics (DTT) [57] [58] [59] [60] [61] [62] [63] . The equations of motion are given by the conservation laws for energy momentum tensor (EMT) T µν and for a third order tensor, the so-called non equilibrium current (NEC) A µνρ [64] . We shall consider a conformal colorless fluid, so there will be no conservation law for charge or particle number. The degrees of freedom of the theory are a inverse temperature four vector β µ and a second order nonequilibrium tensor ζ µν . A most important assumption is that there is a Massieu function current Φ µ such that T µν and A µνρ may be obtained as derivatives of Φ µ with respect to β µ and ζ µν . This assumption is key to give the approach predictive power. The hydrodynamic formalism is linked to kinetic theory by relating T µν and A µνρ to the second and third moments of the 1PDF [65] [66] [67] [68] [69] . We shall match those theories against a family of exact boost invariant solutions of the Liouville equations. For these solutions, T µν and A µνρ are determined by just two moments of the 1PDF. For every choice of those two parameters, we show how a fully nonlinear hydrodynamic theory may be build that reproduces the known evolution of T µν and A µνρ . The resulting theories are probably too complex to be relevant in practice. However, we also show a simple theory which captures the early time behavior, and may be useful to investigate nonlinear effects in this regime.
The rest of the paper is organized as follows. In next section we present the boost invariant, axisymmetric free streaming solutions and compute the EMT and the NEC. Then in Section III we derive the most general hydrodynamic theory where these currents may be derived as derivatives of a single vector potential. Finally in Section IV we match hydrodynamics to the exact solution. We first show that one can always find a potential such that the EMT and NEC derived from solutions to the hydrodynamic equations match the exact solutions. However, since these theories are generally too complex, we show how a drastic simplification of the hydrodynamics still captures the early time behavior. Most importantly, the pressure anisotropy in the simplified hydrodynamics is non decreasing, and so these theories are a suitable framework for the further analysis is isotropization driven by interactions.
We conclude with some brief remarks.
II. BOOST INVARIANT FREE STREAMING
We consider a situation where the particles live in 3+1 dimensions but the 1PDF is independent of the "transverse" coordinates x and y. For simplicity we shall assume axial symmetry in the transverse plane. We will use both cartesian coordinates with interval
and Milne coordinates t = τ cosh χ, z = τ sinh χ, whereby
In the absence of collisions the transport equation reduces to Liouville's
We consider a massless theory, so
The most general solution of the transport equation is
where f 0 may be any function. Introducing the rapidity
On the other hand, the relationships
may be inverted to yield
Therefore we see that the general solution to the Liouville equation is
and is boost invariant if we adopt p ⊥ and p χ as independent variables.
A. Moments of the free streaming 1PDF
We consider a solution of the type eq. (9), we only assume f 0 is even in p χ and axially symmetric in the transverse plane. The covariant moments are
They are totally symmetric, traceless on any two indexes, and obey conservation laws
where
We are interested in A 
The nontrivial third moments are A 0χχ , A 0ab = δ ab A T , A 000 = τ 2 A 0χχ + 2A T and their permutations. We now have
These results can also be derived from the conservation law
which follows from I µν 2 = 0 in eq. (11) for free streaming.
As expected. Finally, ν = ρ = 0 leads to
As an example, let us consider the particular case where the 1PDF is a function only of the variable
where the C i are constants. We wish to compute momenta of the distribution function, which are of the form
It is therefore convenient to introduce new variables
so dp
Positivity of p χ2 and p
To compute T 00 we choose T n = ψ. We get
Leading to
To compute T T we set
We may also get T T from the conservation law (we write s = cτ 2 )
To compute A 0χχ we set
To compute A T we set
III. A GENERIC (DTT-INSPIRED) NON LINEAR HYDRO
We wish to see if it is possible to cast hydrodynamics into something resembling a DTT framework, with the goal to provide a fully nonlinear model. For simplicity we consider a conformal, neutral fluid.
The degrees of freedom are a four-vector β µ and a traceless, transverse symmetric tensor ζ µν . The equations of motion are of divergence type
T µν is traceless, A µνρ is totally symmetric and traceless on any two indexes. We expect they are derivable from a potential
The symmetry of the EMT implies that Φ µ itself is a gradient
Since Φ is a scalar, it can only depend on other scalars. Of course we must include scalars which are zero on-shell, but may contribute to variations. On the other hand, only the first four powers of ζ µν may be regarded as independent, because there are no more than four independent invariants. We introduce variables
1 ≤ j ≤ 4. We get
Therefore
Plus terms which vanish on shell, where ζ µν is transverse, and
plus terms which vanish on shell. Tracelessness of
The symmetry of A µνρ suggests that, at least on shell 2j
The solution to these two equations is
where r j = x −j y j and F is an arbitrary function. Write
and
Then
Contracting ν and ρ we get
At this point, we parametrize β µ = u µ /T , ζ µν = ξ µν /T 2 and x = 1/T 2 to get r j = ξ j λ λ
On shell, ξ is both traceless and transverse. Therefore, it can be written in some frame as
This implies
Observe that ξ 2 . We now get
Equations (51) and (52) are the most general expressions for the EMT and NEC for theories derived from a potential. They are the most important result of this paper, because they display in full the inner relations between the transport functions appearing in one and the other. Of course, for boost invariant, axisymmetric flows, these equations take a much simpler form, which we derive presently.
A. Restricted hydrodynamic solutions
In this subsection we shall derive the simplified form of equations (51) and (52) valid for boost invariant, axisymmetric flows.
If the solution is axisymmetric, then ξ − = 0 and the only nontrivial parameter is ξ = ξ + . We have ξ2 µν = −ξξ µν and equations (51) and (52) become
In Milne coordinates u µ = δ µ 0 . The nontrivial components of the nonequilibrium current are A 0χχ and
The energy momentum tensor
IV. MATCHING HYDRODYNAMICS TO KINETIC THEORY
We now compare these formulae for the conserved currents obtained from kinetic theory (equations (26), (29), (30) and (31)) with the ones obtained in the hydrodynamic framework, namely equations (56), (57), (55) and (54), respectively.
The first point to be made is that the left hand sides of eqs. (56), (57), (55) and (54) are not linearly independent, rather they imply the relationship
Therefore a successful match requires
where z = cτ 2 and
Matching the NEC components yields
Matching T 00 yields
We postulate a solution
f a2,a3,a4 6 a2 (−6) a3 18 a4 r 2 a2 r 3 a3 r 4 a4 = a1,a2,a3
But then
We get rid of the constants by defining
We get
or else
and F ,4 are known, F ,1 may be found from the equations above. It is also possible to choose F ,1 to enforce the compatibility of all three nontrivial conservation laws. Let us write
The conservation laws for the NEC imply
Write EMT conservation as
This becomes
Define a new unknown
√ 5x
We obtain an equation for f 1
with the boundary condition f 1 (0) = 1 as follows from the perturbative analysis above. Since it is seen that f 1 = O (x) when x → 0, f 1 = 1 is an admissible approximation within the sought accuracy.
A. Dynamics from the truncated potential
We shall conclude this paper by comparing the dynamics as obtained from the truncated theory and the exact solution. The truncated theory yields the currents
We seek trajectories which begin at x = 0 at some time τ 0 , when the temperature is T 0 . Let t = τ /τ 0 . Then the dynamics is determined by the conservation laws for A T ≈ t −1 and A 0χχ ≈ t −5 . Taking the ratio of these two we get
which is easily inverted to
x saturates at a finite value. The point is however that it is non decreasing, meaning that the theory has no isotropization mechanism built in. Given x, we find T as
T T is found by simple substitution; we display the result in fig. (1) Because we are approximating f 1 = 1 rather than solving eq. (85), if we derived T 00 directly from the potential we would not be enforcing EMT conservation exactly. It is more accurate to derive T T , as we have done, and then find T 00 from the conservation law, namely 
We display the result in fig. (2) Although the result is remarkably accurate, we see that for times t ≥ 5 our approximation overestimates T T . For this reason the pressure anisotropy, defined as
eventually becomes negative (see fig. (3) ). This event marks the limit of validity of our approximation. The point is, of course, that up to this point the approximation captures the trend in the development of the pressure anisotropy. 
V. FINAL REMARKS
The main contribution of this paper is that we display the most general nonlinear hydrodynamic theory based on two conserved currents, the EMT and the NEC, having the symmetries of the second and third moments of the 1PDF, and where these currents may be derived from a vector potential.
Formally, the existence of a potential is essential to give the approach some predictive power; without it, there are just too many possibilities. The derivability from a potential ensures that there must be relations between the transport functions that appear in the conservation equation for the EMT and in the NEC. Those relations are the real predictions of the theory.
The existence of a potential, on the other hand, follows naturally if there is a non equilibrium entropy current S µ and the Second law (positivity of the entropy production S µ ;µ ) has to follow from the conservation laws at every single event. This means that we should be able to write a local relation 
whereby one would find the potential as a local Legendre transform of the entropy current. However, a general proof that hydrodynamics, as derived from kinetic theory, admits a potential, has remained elusive [65] . Of course, both ideal hydrodynamics and first order theories do admit a potential [70] [71] [72] [73] . The proof that given any exact boost invariant, axisymmetric, free streaming solution there is some potential leading to currents matching the exact ones is just a tour de force to demonstrate the flexibility afforded by these theories. More interesting is the observation that theories with very simple potentials already capture the early time dynamics. The point is that these theories are fully nonlinear, and so provide a natural framework to further analyze strong phenomena such as turbulence and instabilities. For these purposes, of course, it will be necessary to expand the present framework to account for a finite relaxation time and interaction with color fields [74, 75] .
The three fields where to expect these simplified theories will prove useful are the nonlinear unfolding of plasma instabilities [22] [23] [24] [25] [26] [27] [28] [29] [52] [53] [54] [55] , strong shocks [31] [32] [33] [34] [35] [36] [37] [38] and turbulence [39] [40] [41] [42] . We expect to report soon on progress in these directions.
